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1 Introduction

The class of Modal Logics was originally developed by philosophers to study different “modes” of
truth. For example, the assertion P may be false in the present world, and yet the assertion possibly
P true, if there exists an alternate world where P is true. Temporal Logic is a special type of Modal
Logic; it provides a formal system for qualitatively describing and reasoning about how the truth
values of assertions change over time. In a system of Temporal Logic, various temporal operators
or “modalities” are provided to describe and reason about how the truth values of assertions vary
with time. Typical temporal operators include sometimes P which is true now if there is a future
moment at which P becomes true and always Q which is true now if Q is true at all future moments.

In a landmark paper [Pn77] Pnueli argued that Temporal Logic could be a useful formalism
for specifying and verifying correctness of computer programs, one that is especially appropriate
for reasoning about nonterminating or continuously operating concurrent programs such as oper-
ating systems and network communication protocols. In an ordinary sequential program, e.g. a
program to sort a list of numbers, program correctness can be formulated in terms of a Precon-
dition/Postcondition pair in a formalism such as Hoare’s Logic because the program’s underlying
semantics can be viewed as given by a transformation from an initial state to a final state. However,
for a continuously operating, reactive program such as an operating system, its normal behavior
is a nonterminating computation which maintains an ongoing interaction with the environment.
Since there is no final state, formalisms such as Hoare’s logic which are based on a transformational
semantics, are of little use for such nonterminating programs. The operators of temporal logic such
as sometimes and always appear quite appropriate for for describing the time-varying behavior of
such programs.

These ideas were subsequently explored and extended by a number of researchers. Now Tempo-
ral Logic is an active area of research interest. It has been used or proposed for use in virtually all
aspects of concurrent program design, including specification, verification, manual program com-
position (development), and mechanical program synthesis. In order to support these applications
a great deal mathematical machinery connected with Temporal Logic has been developed. In this
survey we focus on this machinery, which is most relevant to Theoretical Computer Science. Some
attention is given, however, to motivating applications.

The remainder of this paper is organized as follows: In section 2 we describe a multi-axis classifi-
cation of systems of Temporal Logic, in order to give the reader a feel for the large variety of systems
possible. Our presentation centers around only a few—those most thoroughly investigated—types
of Temporal Logics. In section 3 we describe the framework of Linear Temporal Logic. In both
its propositional and First-order forms, Linear Temporal Logic has been widely employed in the
specification and verification of programs. In section 4 we describe the competing framework of
Branching Temporal Logic which has also seen wide use. In section 5 we describe how Temporal
Logic structures can be used to model concurrent programs using nondeterminism and fairness.
Technical machinery for Temporal reasoning is discussed in section 6, including decision proce-
dures and axiom systems. Applications of Temporal Logic are discussed in section 7, while in the
concluding section 8 other modal and temporal logics in computer science are briefly described.



2 Classification of Temporal Logics

We can classify most systems of TL (Temporal Logic) used for reasoning about concurrent programs
along a number of axes: propositional versus first-order, global versus compositional, branching
versus linear, points versus intervals, and past versus future tense. Most research to date has
concentrated on global, point-based, discrete time, future tense logics; therefore our survey will
focus on representative systems of this type. However, to give the reader an idea of the wide range
of possibilities in formulating a system of Temporal Logic, we describe the various alternatives in
more detail below.

2.1 Propositional versus First-order

In a propositional TL, the non-temporal (i.e., non-modal) portion of the logic is just classical
propositional logic. Thus formulae are built up from atomic propositions, which intuitively express
atomic facts about the underlying state of the concurrent system, truth-functional connectives, such
as A, V, - (representing “and,” “or,” and “not,” respectively), and the temporal operators. Propo-

sitional TL corresponds to the most abstract level of reasoning, analogous to classical propositional
ogic.

The atomic propositions of propositional TL are refined into expressions built up from variables,
constants, functions, predicates, and quantifiers, to get First-order TL. There are several different
types of First order TLs. We can distinguish between uninterpreted First order TL where we make
no assumptions about the special properties of structures considered, and interpreted First order
TL where a specific structure (or class of structures) is assumed. In a fully interpreted First order
TL, we have a specific domain (e.g. integer or stack) for each variable, a specific, concrete function
over the domain for each function symbol, and so forth, while in a partially interpreted First order
TL we might assume a specific domain but, e.g., leave the function symbols uninterpreted. It is
also common to distinguish between local variables which are assigned, by the semantics, different
values in different states and global variables which are assigned a single value which holds globally
over all states. Finally, we can choose to impose or not impose various syntactic restrictions on the
interaction of quantifiers and temporal operators. An unrestricted syntax will allow, e.g., modal
operators within the scope of quantifiers. For example, we have instances of Barcan’s Formula:
Vy always (P(y)) = always (Yy P(y)). Such unrestricted logics tend to be highly undecidable. In
contrast we can disallow such quantification over temporal operators to get a restricted first-order
TL consisting of essentially propositional TL plus a first-order language for specifying the “atomic”
propositions.

2.2 Global versus Compositional

Most systems of TL proposed to date are endogenous. In an endogenous TL, all temporal operators
are interpreted in a single universe corresponding to a single concurrent program. Such TLs are
suitable for global reasoning about a complete, concurrent program. In an exogenous TL, the syntax
of the temporal operators allows expression of correctness properties concerning several different
programs (or program fragments) in the same formula. Such logics facilitate compositional (or
modular) program reasoning: We can verify a complete program by specifying and verifying its



constituent subprograms, and then combining them into a complete program together with its
proof of correctness, using the proofs of the subprograms as lemmas (cf. [BKP84], [Pn84]).

2.3 Branching versus Linear Time

In defining a system of temporal logic, there are two possible views regarding the underlying nature
of time. One is that the course of time is linear: At each moment there is only one possible future
moment. The other is that time has a branching, tree-like nature: At each moment, time may split
into alternate courses representing different possible futures. Depending upon which view is chosen,
we classify a system of temporal logic as either a linear time logic in which the semantics of the
time structure is linear, or a system of branching time logic based on the semantics corresponding
to a branching time structure. The temporal modalities of a temporal logic system usually reflect
the character of time assumed in the semantics. Thus, in a logic of linear time, temporal modalities
are provided for describing events along a single time line. In contrast, in a logic of branching
time, the modalities reflect the branching nature of time by allowing quantification over possible
futures. Both approaches have been applied to program reasoning, and it is a matter of debate as
to whether branching or linear time is preferable (cf. [La80], [EH86], [Pn85])

2.4 Points versus Intervals

Most temporal logic formalisms developed for program reasoning have been based on temporal
operators that are evaluated as true or false of points in time. Some formalisms (cf. [SMV83],
[Mo83], [HS86]),however, have temporal operators that are evaluated over intervals of time, the
claim being that use of intervals greatly simplifies the formulation of certain correctness properties.

The following related issue has to do with the underlying structure of time.

2.5 Discrete versus Continuous

In most temporal logics used for program reasoning, time is discrete where the present moment
corresponds to the program’s current state and the next moment corresponds to the program’s
immediate successor state. Thus the temporal structure corresponding to a program execution, a
sequence of states, is the nonnegative integers. However, tense logics interpreted over a continuous
(or dense) time structure such as the reals (or rationals) have been investigated by philosophers.
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