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Problem Definition

Layout decomposition is a key stage in triple patterning lithography manufacturing
process, where the original designed layout is divided into three masks. There will be
three exposure/etching steps, through which the circuit layout can be produced. When
the distance between two input features is less than certain minimum distance mins,
they need to be assigned to different masks (colors) to avoid coloring conflict. Sometimes
coloring conflict can be resolved by splitting a pattern into two different masks. However
this introduces stitches, which lead to yield loss because of overlay error. Therefore,
two of the main objectives in layout decomposition are conflict minimization and stitch
minimization. An example of triple patterning layout decomposition is shown in Fig.
1, where all features are divided into three masks without any conflict and one stitch
is introduced.

Given an input layout, a conflict graph is constructed to transfer initial geo-
metrical relationship into an undirected graph with a set of vertices V and two sets of
edges, which are the conflict edges (CE) and stitch edges (SE), respectively. V has one
or more vertices for each polygonal shape and each vertex is associated with a polyg-
onal shape. An edge is in CE iff the two corresponding vertices are within minimum
coloring distance mins. An edge is in SE iff there is a stitch candidate between the
two vertices which are associated with the same polygonal shape.
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Fig. 1. Layout decomposition for triple patterning lithography (TPL).

Problem 1 (Layout Decomposition for Triple Patterning)

INPUT: The decomposition graph where each vertex represents one polygonal shape,
and all possible conflicts and stitches are in the conflict edge set CE and the stitch edge
set SE, respectively.
OUTPUT: A three color assignment to the conflict graph, such that the weighted cost
of conflicts and stitches are minimized. The additional constraints may include color
balancing, overlay control, and color preference.

Key Results

Given input layout, the conflict graph is constructed. Based on the conflict graph,
the layout decomposition for triple patterning can be formulated as an integer linear
programming (ILP) formulation [5]. As shown in (1), the objective function in the ILP
formulation is to minimize the weighted cost function of conflict and stitch numbers
simultaneously:

min
∑

eij∈CE

cij + α
∑

eij∈SE

sij (1)

where α is a parameter for assigning relative cost of stitch versus conflict. Typically
α is much smaller than 1, for example 0.1 as resolving conflict is the most important
objective during layout decomposition. Although the ILP formulation can solve the
above layout decomposition problem optimally, it is not scalable to deal with large
layouts in modern VLSI designs as the ILP problem is NP-complete.

In [5], a semidefinite programming (SDP) based algorithm was proposed to
achieve good runtime and solution quality. Instead of using a two binary variables to

represent three masks, three unit vectors (1, 0), (−1
2
,
√
3
2

) and (−1
2
,−

√
3
2

) are proposed
to represent them. Note that the angle between any two vectors of the same color is
0, while the angle between any two vectors with different colors is 2π/3. The inner
product of two m-dimension vectors vi and vj is defined as vi · vj =

∑
k vikvjk. Then

for any two vectors vi,vj ∈ {(1, 0), (−1
2
,
√
3
2

), (−1
2
,−

√
3
2

)}, the following property holds:

vi · vj =

{
1, vi = vj

−1
2
, vi 6= vj

Based on the vector representation, the layout decomposition for triple patterning
problem can be written as the following vector programming.

min
∑

eij∈CE

2

3
(vi · vj +

1

2
) +

2α

3

∑
eij∈SE

(1− vi · vj) (2)

s.t. vi ∈ {(1, 0), (−1

2
,

√
3

2
), (−1

2
,−
√

3

2
)} (2a)
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Fig. 2. For ISCAS benchmark suite, the results of ILP and SDP based methods are very comparable.

It shall be noted that vi here is discrete, which is very expensive to solve. Then the
discrete vector program is relaxed to the corresponding continuous formulation, which
can be solved as a standard semidefinite programming (SDP), as shown below.

min
∑

eij∈CE

2

3
(yi · yj +

1

2
) +

2α

3

∑
eij∈SE

(1− yi · yj) (3)

s.t. yi · yi = 1, ∀i ∈ V (3a)

− 1

2
≤ yi · yj, ∀eij ∈ CE (3b)

Y � 0 (3c)

The resulting matrix Y , where yij = yi · yi, essentially provides the relative
coloring guidance between two layout features (nodes in the conflict graph). It will be
used to guide the final color assignment. If yij is close to 1, nodes i and j should be
in the same mask; if yij is close to -0.5, nodes i and j tend to be in different masks.
The results show that with reasonable threshold such as 0.9 < yij ≤ 1 for the same
mask, and −0.5 ≤ yij < −0.4 for different masks, more than 80% of nodes/polygons
are decided by the global SDP. For the rest values, heuristic mapping algorithms will
be performed to assign all vertices to their final colors.

A set of graph simplification techniques have been proposed to achieve speed-
up [5][1][2][8]. For example, one technique is called iterative vertex removal, where all
vertices with degree less than or equal to two are detected and removed temporarily
from the conflict graph. After each vertex removal, the degrees of other vertices would
be updated. This removing process will continue until all the vertices have degree three
or more. All the vertices that are temporarily removed are stored in a stack S. After
the color assignment of the remained conflict graph is solved, the removed vertices in S
are added back for coloring assignment. For row-based structure layout, specific graph
based algorithms are proposed to provide fast layout decomposition solutions [3][7].

Triple patterning layout decomposition has been actively studied in the last few
years, with many interesting results reported. In [5], the performances between ILP
and SDP based methods were compared. As shown in Fig. 2, SDP based method can
achieve the same optimal solutions as obtained by ILP for 14 out of 15 test cases.
However, the runtime of ILP-based algorithm is prohibitive when the problem size is
big and the layout is dense. Graph simplification techniques are very effective to speed
up the layout decomposition process as that can effectively reduce the ILP and SDP
problem size. The coloring density balance was integrated into the SDP formulation in
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[6]. In [4], the SDP framework was further extended to handle quadruple patterning
or more general multiple patterning lithography with new vector definition and linear
runtime heuristic algorithms.

URLs to Code and Data Sets

Programs and benchmark suites can be found through http://www.cerc.utexas.edu/

utda/download/MPLD/.
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